Another way of stating this result is that every finite dimensional Lie algebra g is a subalgebra of gl(V ) for some finite dimensional vector space V , so g can be viewed as an algebra of matrices. To prove this theorem we first have to give some definitions.
An ideal of g is a vector subspace a ⊂ g such that [x, y] ∈ a for all x ∈ a and y ∈ g. In particular, taking y ∈ a shows every ideal of g is a subalgebra. If a is an ideal of g, the vector space g/a can be made into a Lie algebra and this quotient algebra satisfies all the usual isomorphism theorems. One example of an ideal of g is the center of g: Z(g) = {x ∈ g : [x, y] = 0 for all y ∈ g}.
Next, recursively define a sequence of ideals in g by g (0) = g, g (1) = [g, g], . . . , g (i) = [g (i−1) , g (i−1) ], where [g, g] denotes the subspace of g spanned by {[x, y] : x, y ∈ g}. We say g is solvable if g (n) = {0} for some n 0. An example of a solvable Lie algebra is the set of all m × m upper triangular matrices over F . It can be shown that if g is solvable then there is a sequence of subalgebras
such that g i is an ideal of g i+1 , g i+1 /g i is abelian (the bracket of any two elements is zero), and dim g i+1 = dim g i + 1 for all 0 i k − 1 (the converse is also true, but we will not need this). It can also be shown that if a and b are solvable ideals of g, then so is a + b. This guarantees the existence of a unique maximal solvable ideal of g, called the radical of g and denoted Rad(g).
Similarly we recursively define a sequence of ideals
]. We say g is nilpotent if g n = {0} for some n 0. Note that g (i) ⊂ g i for all i, so every nilpotent Lie algebra is solvable. An example of a nilpotent Lie algebra is the set of all m × m strictly upper triangular matrices over F . If a and b are nilpotent ideals of g, then so is a + b. Hence there is a unique maximal nilpotent ideal of g, called the nil radical of g and denoted Nil(g). We have one more definition: A nilrepresentation of g is a representation ρ such that ρ(x) ∈ gl(V ) is a nilpotent endomorphism for all x ∈ Nil(g).
We will use the following proposition to prove Ado's theorem (the proof is taken from [1, Section E.2]).
Proposition. Suppose g = a⊕h where a is a solvable ideal and h is a subalgebra. Let σ be a finite dimensional nilrepresentation of a. Then there is a finite dimensional representation ρ of g such that a ∩ ker ρ ⊂ ker σ. If Nil(g) = Nil(a) or Nil(g) = g, then ρ can be taken to be a nilrepresentation.
Proof of Ado's Theorem. The idea of the proof is to start with a representation of Z(g) and use the proposition to build up representations of subalgebras until we have a representation of the whole Lie algebra. So first define ρ 0 : Z(g) → gl(F 2m ) as follows: let e 1 , . . . , e m be a basis for Z(g) and set
Then ρ 0 is a finite dimensional faithful nilrepresentation of Z(g).
Since Rad(g) is solvable and Z(g) ⊂ Rad(g), there is a sequence of subalgebras
where g i is an ideal of g i+1 for 0 i and dim
where h i is any one-dimensional vector space complement of g i−1 . Then h i is a subalgebra of g i because the bracket of any two elements in a onedimensional subspace is zero. Also, since g i is contained in the solvable Lie algebra Rad(g), it is solvable. To go from g to g +1 we use Levi's theorem, which states that there is a subalgebra
Observe that for 0 i k we have Nil(g i ) = g i , and for i k + 1 we have Nil(g i+1 ) = Nil(g i ) = Nil(g). So starting with the nilrepresentation ρ 0 of Z(g), successively applying the proposition, for each 1 i + 1 we get a representation ρ i of g i such that
. Then ρ is a finite dimensional representation of g and ker ρ = ker(ρ +1 ) ∩ ker(ad). Note that ker(ad) = {x ∈ g : ad(x)(y) = 0 for all y ∈ g} = Z(g), so ker ρ = ker(ρ +1 ) ∩ Z(g) = {0}. Therefore ρ is faithful. Now we will work toward proving the proposition. Write g = a ⊕ h where a is any ideal of g and h is a subalgebra. Let U = U (a) = T (a)/J, where T (a) is the tensor algebra of a and J is the two-sided ideal (in the sense of ring theory) in T (a) generated by all
The F -algebra U is called the universal enveloping algebra of a. For any y ∈ a we have a linear map ϕ y : U → U given by ϕ y (t) = yt, where t = t + J ∈ U . For any x ∈ g we have a derivation δ : a → a defined by δ(y) = [x, y], where a derivation is a linear map which satisfies the usual product rule for derivatives. It can be shown ([1, Lemma C.27]) that there is a derivation δ x : U → U such that δ x • i = i • δ, where i : a → U is defined by i(a) = a. Using these two maps, for each x ∈ g define a linear map Φ x : U → U by writing x = y + z for some y ∈ a and z ∈ h, and setting
for all x, x ∈ g, so the function g → gl(U ) defined by x → Φ x is a Lie algebra homomorphism.
Let σ : a → gl(V ) be a finite dimensional representation of a. By the universal property of U , there is an F -algebra homomorphism σ : U → End(V ) such that σ = σ • i. The remainder of the proof of the proposition will rely on the following lemma.
Lemma. Let a be a solvable ideal of g. Suppose I is an ideal of U = U (a) satisfying (i) U/I is finite dimensional and (ii) the image of every element of Nil(a) in U/I is nilpotent. Then there is an ideal I ⊂ I of U satisfying (i) and (ii), and also (iii) for any derivation of a, the corresponding derivation of U maps I into itself.
Proof of Proposition. Suppose σ : a → gl(V ) is a finite dimensional nilrepresentation of a and let I = ker σ, where σ is as above. Then U/I is isomorphic to a subalgebra of End(V ), so U/I is finite dimensional. Since σ is a nilrepresentation, condition (ii) in the lemma is satisfied. So the lemma says there is an ideal I ⊂ I of U satisfying (i), (ii), and (iii). By condition (iii) we have δ x (I ) ⊂ I for all x ∈ g, where δ x is as above. Since I is an ideal of U , we also have ϕ y (I ) ⊂ I for all y ∈ a. Hence Φ x (I ) ⊂ I for all x ∈ g, so for each x ∈ g there is a linear map Φ x : U/I → U/I defined by Φ x (α + I ) = Φ x (α) + I . Since x → Φ x is a Lie algebra homomorphism, so is the map ρ : g → gl(U/I ) given by ρ(x) = Φ x . Thus ρ is a finite dimensional representation of g.
To show a ∩ ker ρ ⊂ ker σ, suppose x ∈ a is such that ρ(x) = 0. Then δ z = 0 (since
for all α ∈ U , where x = x + J ∈ U . Since this holds for all α ∈ U , it holds for 1 ∈ U , and thus x + I = I , so x ∈ I . But I ⊂ I, so σ(x) = σ(x) = 0. Thus x ∈ ker σ. Now, suppose Nil(g) = Nil(a). For x ∈ a, the map ρ(x) : U/I → U/I is left multiplication by x + I , and if x ∈ Nil(a), by condition (ii) in the lemma x + I is a nilpotent element of U/I
. Thus ρ(x) is a nilpotent endomorphism for all x ∈ Nil(a). Since Nil(a) = Nil(g), this means ρ is a nilrepresentation of g.
Next suppose Nil(g) = g, so g is nilpotent. Then a ⊂ g is nilpotent, so by the preceding paragraph, ρ(y) is nilpotent for every y ∈ a = Nil(a). We need the stronger statement that ρ(y) is nilpotent for every y ∈ Nil(g) = g. To prove this, let A ⊂ End(U/I ) be the associative algebra generated by ρ(g) = {ρ(x) : x ∈ g} and let A ⊂ A be the two-sided ideal generated by ρ(a) = {ρ(y) : y ∈ a}. We claim that A k = {0} for some k 1 (where A k = A · · · A is the usual product of ideals in the ring A). Any a ∈ A k is a finite sum of products of elements of ρ(g) where each product contains at least k factors from ρ(a), so to show A k = {0} for some k, it is enough to show any product of elements in ρ(g) which contains at least k factors from ρ(a) is zero. First note that there is a k 1 such that every product of k elements of ρ(a) is zero. This follows from Engel's theorem, which states that if G ⊂ gl(W ) is a Lie subalgebra consisting of nilpotent endomorphisms, there is a basis for W relative to which the matrix of any element of G is strictly upper triangular; in our case we are using that ρ(a) ⊂ gl(U/I ) consists of nilpotent endomorphisms by the beginning of this paragraph. For x ∈ ρ(g) and y ∈ ρ(a) we have [x, y] = xy − yx in gl(U/I ), so xy = yx + [x, y] with [x, y] ∈ ρ(a) since a is an ideal and ρ is a Lie algebra homomorphism. Thus in a product of elements of ρ(a) and ρ(g) with at least k factors from ρ(a), we can successively move elements of ρ(a) to the left, until we are left with a sum of products, each beginning with at least k factors from ρ(a), and hence is zero. Therefore A k = {0}.
Since g is nilpotent, for any z ∈ h, ad(z) is a nilpotent derivation of g, and hence of a. Let δ z : U → U be the corresponding derivation of U . As U/I is finite dimensional, it can be shown that the map δ z : U/I → U/I is nilpotent. Hence ρ(z) = δ z is nilpotent for any z ∈ h. Now, given x ∈ g write x = y + z for some y ∈ a and z ∈ h. Let k be such that A k = {0} and let be such that ρ(z) = 0. Then ρ(x) k = (ρ(y) + ρ(z)) k = 0 since, when expanded, each summand of (ρ(y) + ρ(z)) k either has ρ(y) occurring at least k times, or ρ(z) occurs somewhere in the product. Therefore ρ(x) is nilpotent for all x ∈ g = Nil(g), which means ρ is a nilrepresentation of g. Now we will prove the lemma.
Proof of Lemma. Let B be the two-sided ideal in the F -algebra U/I generated by {a + I : a ∈ Nil(a)}. The algebra U is generated by {y : y ∈ a}, so U/I is generated by {y + I : y ∈ a}. By the same argument to the one above, B k = {0} for some k 1. From the correspondence theorem we can write B = C/I for some ideal C of U . Set I = C k . Since B k = {0}, we have I ⊂ I. We will show I satisfies (i), (ii), and (iii). To show (i), let α 1 , . . . , α n be a basis for i(a) = {y : y ∈ a} ⊂ U . Since U/C is finite dimensional, there are monic polynomials
. . , α n ∈ U/I are roots of monic polynomials over F . It can be shown that {α
is spanned by the images in U/I of a finite number of such monomials. Therefore U/I is finite dimensional. For (ii), if α ∈ U is the image of an element of Nil(a), some power α m ∈ I by assumption, and it follows that α mk ∈ I k ⊂ C k = I . Thus (ii) holds for I . For (iii), if δ is a derivation of a, it follows from the fact δ(Rad(a)) is contained in a nilpotent ideal of a ([1, Proposition C.24]) that δ(a) ⊂ Nil(a) (Rad(a) = a since a is solvable). Hence the corresponding derivation δ : U → U satisfies δ (U ) ⊂ C. From δ being a derivation, this implies δ
This completes the proof that every finite dimensional Lie algebra over a field of characteristic 0 has a faithful finite dimensional representation. It turns out that this result is also true in characteristic p, which was proved by Iwasawa (see [2, Section 6.3] ). The corresponding result for Lie groups is false in general. There are Lie groups that do not have a faithful finite dimensional representation. For example, let G = R × R × S 1 with product (x 1 , y 1 , u 1 ) · (x 2 , y 2 , u 2 ) = (x 1 + x 2 , y 1 + y 2 , e ix1y2 u 1 u 2 ).
Then G is a Lie group that does not have a faithful finite dimensional representation (see [3, Section C.3] for details). However, it is true that every compact Lie group has a faithful finite dimensional representation (see [4, Theorem 3.4] ).
